Abstract. With a singular perturbation problem occurring in chemical reaction processes, substantial changes of the bifurcation diagram due to discretization are demonstrated. It is shown that a discrete system can possess any number of solutions, whereas the underlying continuous problem has exactly one solution. In addition to that, there is no way to favor one of the various discrete solutions as the one approximating the continuous solution.
1. Introduction. It is well-known that the steady state of evolution processes in one space dimension is described by an ordinary boundary value problem of the type (la) -x" + vx' + nf(\,x) = 0 on [0,1], (lb)
x(0) = x(l) = w.
For transport phenomena arising in chemistry or biology x", vx' and /x/(X, x) represent diffusion, convection, and generation, respectively. In these applications the real parameters v, ¡i and w naturally satisfy (lc) v > 0, ju > 0, w > 0.
Furthermore, À stands for a parameter vector in Rm with nonnegative components (Id) X,> 0, i = l,...,m.
The various constants may be viewed as control parameters. A typical problem is to describe the solution set of (1) with respect to some of these control parameters keeping all the others fixed. We call bifurcation diagram any two-dimensional representation of the solution set where the actual control parameter serves as abscissa and a functional of the corresponding solution as the ordinate. Often, details of the global picture of the resulting bifurcation diagram are wanted [7] , [8] , [11] . It often happens that general bifurcation theory cannot provide the information and numerical techniques are used. Standard discretizations are being applied on a grid consisting of a moderate number of grid points, say 10 to 20. Retreating to numerical analysis techniques, one tacitly hopes that the continuous situation is represented in a reasonable way. However, a number of recent papers, e.g., [1] , [2] , [3] , [5] , [13] , show that the bifurcation diagram of a problem of the form (1) may undergo deformations if one passes over to discrete analogues of (1) . As a result, the diagram of the discrete problem may even fail to show qualitatively the correct response of the equation (1) to alterations in the control parameters v, p or X.
In Section 3 of this paper we describe conditions on f(X, x) such that standard discrete versions of (1) admit a number of solutions which depends on the qualitative behavior of / and upon the ratio of the control parameter and the step width of the underlying grid. The idea is very elementary and suggests that the phenomenon of multiple solutions is not a matter of a particular finite-difference approximation for fairly general nonlinearities /. It rather is a natural phenomenon due to the process of substituting (1) by a finite-dimensional system. This process introduces a new parameter h ( = the step width) which has the effect of a sort of " unfolding", giving rise to dramatic changes of the bifurcation diagram of (1). We begin in Section 2 with numerical examples using functions f(X, x) which occur in biological or chemical reaction processes.
2. Numerical Examples. Consider the problem [8] .
To any set of parameters v, p., w, Xt > 0 (i = 1,2) there exists a solution x of (2) satisfying (3) 0 < x(s) < w on (0,1) or x = w.
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w Figure 1 Qualitative bifurcation diagram for problem (2) (Xx =t 0 or X2 ¥= 0) This is a consequence of maximum principle techniques as outlined in [9] , [14] . Only solutions satisfying the a priori bounds (3) are of interest in the applications. If Aj = A 2 = 0, there is exactly one solution with (3) and this is also true for the standard second-order finite-difference approximation of (2). Here, again, the maximum principle may be applied (see [5b] ). There are further finite-difference approximations of higher order amenable to the application of the maximum principle and thus yielding the existence and uniqueness result stated (see [5b]). As a consequence, in these cases there is no qualitative difference of the bifurcation diagram between the continuous and the discrete case with respect to any of the parameters w, v or p left in the equation. If, however, Xx # 0 or A2 =£ 0, there are, in general, more than one solution of (2) . A qualitative picture of the bifurcation diagram is given in Figure 1 (w = control parameter, the ordinate in Figure 1 represents the value of a norm of the solutions on the branch).
What has been outlined in the previous paragraph holds also for our second example
The a priori bound (3), however, must be replaced by
The generation term of (4) is known from a first-order exothermic chemical reaction
[5b].
Our numerical calculations are based on the finite-difference substitutions
The following results are obtained on an equidistant grid of 9 grid points in (0,1) (i.e., h = 0.1).
lly(Q)llL 5 . Example ( Table 1 contains all turning points of the branch and Table 2 shows all solutions for Q = 2 (i.e., 2ju = 106). Note that all results correspond to y = w -x = 5 -x rather than to x. The blanks in Table 2 Figure 3 . Again, Table 3 shows all turning points of the branch and Table 4 gives all solutions for \, = 24. The blanks in Table 4 stand for function values > 0.999 and < 1.
Both examples show more than just one hysteresis loop and consequently more than two singular points on the branch. The theory outlined in the next section will tell us that, depending upon the ratio of the control parameter and the step width, any number of solutions (of hysteresis loops) may be constructed. All of them satisfy the qualitative characteristics (one maximum point, a priori bounds etc.) suggested by the applications (biology or chemistry) so that, from merely glancing at the figures, there is no way of ruling out one of these solutions against others. Also, stability would not favor just two steady states: stable and unstable parts of the branches take turns at any turning point. Table 4 19 solutions of Example (4) One might conjecture that the described effect of discretization on the bifurcation diagram is due to the large convection term 103x' present in both examples. Indeed, the analysis of the next section depends heavily on the presence of this term. However, we mention in passing that the discrete branch (h = 0.1) of Example 4 with p = 1012, Xx = control parameter and v = 0 (i.e., convection does not take place) has more than two singular points, among them at least four bifurcation points. From these bifurcation points further branches of asymmetric solutions emanate. In contrast to these phenomena occurring in the discrete problem, the existence of bifurcation points on the symmetric branch belonging to the continuous problem (4) are excluded by the theory in [2] . Solution branch of Example (4) with a real control parameter X ^ 0 and a small parameter 0 < e «: 1. Using the usual difference substitutions (6) we obtain the discrete analogue for (7) (8a) (8b) A solution of (9) is a grid function x = (x(0), x(sx),... ,x(sM), x(l)) g Rn*. By (9b) the value x(Sj) marks the intersection of the graph of (io) y-*f(Ky) with the straight line (11) y^h-l{y-x(sJ_x)).
This process defines one component of x at a time as shown in Figure 4 . If the graph of / and the slope /i"1 of the straight lines (11) allow for more than one intersection point, the possibility of more than just one solution to the system (9) Figure 4 Intersections of the graph of f with the straight lines (11) arises. Clearly, the number of solutions then depends upon how many of the straight lines (11) intersect the graph of (10) /(A, x) > 0 for ßx < X < ß2, 0 < x < w,fx(X, x) < 0 for ßx < X < ß2, 0 < x < w.
f2: There exists a real nondecreasing function u(X) on [/},, ß2] such that 0 < u(X) < w,fxxx(\, u(X)) < 0 for & < A < ß2, and /"(*.*) > 0 forO < x < u(X), < 0 tor u(X) < x < w.
f3: There exist real numbers yx, y2, ßx < yx < y2 < ß2 such that the following is true:
(a) for ßx < A < yx all solutions y of y = hf(X, y) satisfy^ g(m(A),w].
(b) hfx(x,u(x)){>] !orYi<"<Y;'
v ' JxK v "\<1 for y2 < A < ß2.
The assumption f3 serves two purposes: Part (a) ensures that all solutions of (9) for A near ßx have components close to w. On the other hand, (b) implies (12) */x(Y2. «(Y2)) = 1. so that any straight line (11) intersects the graph (10) for A = y2 just once. The process of solving our system (9) in this particular situation is indicated in Figure 5 .
Figure 5
Determination of the number k due to (12), (13) . Here: k = 1
Let this process yield the solution (y2, z), where z has the components z(jh) (j = 0,... ,M + 1). Then a natural number k is uniquely determined by
This number k will define the number of hysteresis loops exhibited by a solution branch of (9), as stated in the following theorem. (c) For X g [ßx, ß2] all solutions of (9) subject to the a priori bound given in (a) are on the branch (X(a), x(a)).
(d) The function A (a) has exactly 2 k relative extreme points in (0,1) where k is defined by (13) above.
Remark. By the assertion (d), the branch (X(a), x(a)) shows k hysteresis loops in the (A, jc)-diagram. Hence, the system (9) may have up to 2k + 1 different solutions for some parameter A = X(o).
As an illustration, take the system (2) with A2 = 0. In the new variable y = w -x the nonlinearity has the form (14) f(\,y) = 10'A-1--^~--.
+(w -y) + 30(w -y)
The graph of this function is qualitatively given in Figure 5 . The function u(X, w) mentioned in assumption f2 depends on w. It turns out that for any fixed A, this function monotonically approaches infinity for increasing w. We can choose the interval [0, u(X, w)] as long as we want if we increase the parameter w. Proceed now as follows: Fix h > 0 and find y2 such that (12) is satisfied. By an elementary discussion of the graph of/in (14) the construction of y2 is possible, independently of w. Now, the process illustrated in Figure 5 may be applied k times for any given k g N. This defines w. The resulting function / yields a corresponding function A (a) of Theorem 1 which has exactly 2k relative extreme points in (0,1).
Sketch of the Proof of Theorem 1 (for details see [4] ): Let / = [ßx, ß2], D = ((A, x) g / x Rß*: 0 < x(sj) < w for ; = 1,...,M)} and let the matrix A g L[Rö*] be defined by the left-hand side of (8) for e = 0. The right-hand side of (8) defines the function F(X, x) which maps D into Rß\ The step width h is fixed. Finally, the operator T(X, x) = Ax -F(X, x) is defined on D and has values in Rß\ The objective is to describe the set Tl(6) = {(A, x) G D: T(X, x) = 6). It is a technical matter to see that under our assumptions T~l(0) is a one-dimensional differentiable manifold with boundary (see Section 2, Lemma 4 of [12] ). Since the equations (15) T(ßi,x) = 0 (i = 1,2)
have a unique solution x' (i = 1,2), the boundary dT~1(6) of T~l (6) is given by
Furthermore, we learn from the Theorem in the appendix of [12] , that the compact set T~l (6) is a disjoint union of finitely many connected components, and any of these components is either diffeomorphic to [0, 1] or to the unit circle S1 in the plane. Since there is a unique solution of the equations (15) Since oir # a (;' =£ p or r ¥= q) we have constructed 2k different extreme points of the function X(o) and these are all extreme points of A(a) in (0,1).
To complete the proof of Theorem 1 we must exclude the possibility of components diffeomorphic to S1 in the set T~*(0). This is a rather lengthy and technical argument which we omit here. (c) For X G [ßx, ß2] all solutions of (8) subject to the a priori bound given in (b) are on the branch (A(e, a), x(e, a) ). This means that any extreme point aXj, a2j of X(a) yields exactly one extreme point of X(a,e) for e g [0, e0] in a small neighborhood I(aXJ), I(o2j). This is our statement (e), so that the proof of Theorem 2 is complete.
The Example (4) has also been considered by H. O. Kreiss. He has used his grid-finding procedure [10] , which could find only one solution for some Xx g (26,30). Grid-finding procedures are naturally only aimed at approximate solutions of the continuous problem, which has exactly one solution in Example (4). The grid-finding procedure excludes the many solutions of the discrete system on a fixed grid due to the fact that the spurious solutions are normally very sensitive to a change of the grid. Kreiss' findings suggest that some variation of the grid is important for a sensible numerical treatment of nonlinear boundary value problems. Example (2) provides an interesting situation for v = 0, Xx = 30, A2 = 36, p = 103 and w = control parameter. The resulting branch shows at least 10 turning points on a grid of 9 points in (0,1) (h = 0.1). If we go for 39 grid points in (0,1) (i.e., h = 0.025), then the branch is smoothed out with only 2 turning points left. We stress that, with substantial influence of a convection term (as in the examples of Section 2), one would need far more equidistant grid points to achieve a bifurcation diagram which resembles the one of the continuous problem at least qualitatively. In the case of the Example (4) we would have to allow for as many as 107 equidistant points, assuming the discrete model (8) .
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